
C I R C U L A T I O N  M O T I O N  O F  A V I S C O U S  I N C O M P R E S S I B L E  

S T R E A M  IN AN E X T R U D E R  C H A N N E L  

A.  I .  L a z a r e v  a n d  O. E .  L y s e n k o  UDC 532.542 

An extruder  in the fo rm of a rec tangular  channel completely filled with an incompress ible  l iq- 
uid is considered.  The upper wall moves  at an a rb i t r a ry  angle to the channel axis. Equations 
for the c i rculat ion velocity and the flow lines in a channel c r o s s  section are obtained and stud- 
ied numerical ly .  

Let us r epresen t  the ext ruder  in the form of a rectangular  channel completely filled with a viscous 
liquid and having an upper wall moving uniformly with a velocity V 0 at an a rb i t r a ry  angle/3 to its axis (Fig. 1). 
If the upper wall moves paral lel  to the channel axis one can calculate the longitudinal velocity field, as is 
done in [1, 3], for example. 

We attempted to study the circulat ion flow and in par t icu lar  to determine the velocity field and the 
flow lines of ma te r i a l s  which f rom the point of view of rheology can be considered as a viscous incompres -  
sible liquid. We note that just this kind of motion plays a decisive role in the process ing  of plast ics  [4]. 

Since the conditions of shear  do not depend on z, and we assume that the end effects are  not signifi-  
cant (which can always be done when the channel is long enough), the velocity V will not depend on the longi- 
tudinal coordinate z. The Stokes equations and the continuity equation in the case of small  Reynolds num- 
bers  have the form 

OP ( O~V~ O'V~ ) 

O-~-~ = ~ Ox ~ § Oy 2 ' 

OP { O~-V~, + O~Vv ) 
at] = ~t k Ox ~- Ot]s ' (1) 

OP =~t ( O2V~ , O~V~ ) 

Oz Ox" ~- Ot] ~ ' 

OV___~ § OV~ = O. 
Ox Oy 

Here p is the dynamic viscosi ty.  

We represent  the p re s su re  P in the fa rm 

p = p (z) + H (x, y) (2) 

Fig. 1. Diagram of extruder  with rectangular  channel. 
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Fig. 2. Resul ts  of calculat ions of x component  of the 
veloci ty  Vx in some channel c r o s s  section z = const  at 
H = 2b. 

and then, substi tuting (2) into (1), we obtain the following sys t em of equations: 

O H  
- ~ A v = ,  

Ox 

Oil = ~thVu, 
Oy 

OV~ ogu =0,  
-~x + O y  

(3) 

dp 

t 
- - g -  = ,av=, 

dV~ 

with the boundary conditions ( dz = 0  (4) 

v~ (_+ b, v) = v~ (x, o) = o, v= (x, H) = V; = Yo sin p, 
V~ ( ~ b, y) = Vy (x, O) = O, V v (x, H) = O, 

Vz(~ b, y) = Vz(x, 0 ) = 0 ,  Vz(x, H) = V ; =  Vocos[~. (5) 

Thus, we see that the complete  solution will cons is t  of a l inear  superposi t ion of the solutions of s y s -  
t em (3) and sy s t em  (4). 

The solution of (4), using the boundary conditions (5), is p resen ted  in [1, 3]. 

The sy s t em  (3) is  eas i ly  conver ted  into the f o r m  [2] 

hA,  = O, : 

Or = Y,, 04 
Ox Oy 

We will seek a solution of (6) in the fo rm of a s e r i e s  

- -  = - v ~ .  

~P = Z X'~ (x) c~ nny Z ~mx H + Y~ (y) c~ 2b ' 

where 

. n r n  

where the functions Xn(x ) and Ym{Y) have the f o r m  [3] 

( 6 )  

(7) 

(8) 
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F i g .  3. F low  l i n e s  f o r  d i f -  
f e r e n t  v a l u e s  of r 

X~ (x) A~ ch ~nx ~ n x  ~ n x  u n x  = - - q - B ~  s h - -  + C , , s h - -  
H H H H 

' D rcnx ~ n x  
~- n ch - -  , 

H H 
(9) 

Y,~ (y) E.~ ch .~mg , ~ m g  ~ m y  s t a g  = ~ T F,~ sh +G.r  
2b 2b 2b 2b 

~_ o r  ~rmg ch ~tng 
2b 2b 

Using  the  b o u n d a r y  e o n d i t i o n s  (5) of s y s t e m  (3) and Eqs .  (7), (8), 
and  (9) we ob ta in  an in f in i te  s y s t e m  of l i n e a r  a l g e b r a i c  equa t i ons  r e l a -  
t i ve  to  the  c o e f f i c i e n t s  A n . . . .  , E m . . . .  

Such a s y s t e m  can  be s o l v e d  only fo r  f in i t e  v a l u e s  of m and n u s i n g  
e l e c t r o n i c  c o m p u t e r s .  

If  we se t  m = n = 1 we ob ta in  a s y s t e m  of e igh t  equa t i ons  which  we wil l  not  p r e s e n t  b e c a u s e  of t h e i r  
a w k w a r d n e s s ,  but  a s  an i l l u s t r a t i o n  we show in F ig .  2 the  r e s u l t s  of c a l c u l a t i o n s  of the  x c o m p o n e n t  of the  
v e l o c i t y  v x = V x / V  ~ in s o m e  channe l  c r o s s  s e c t i o n  z = cons t  at  H = 2b. 

I t  i s  s e e n  f r o m  the  g r a p h s  p r e s e n t e d  tha t  the  v e l o c i t y  v x c h a n g e s  s ign  in p r a c t i c a l l y  a l l  the  c r o s s  s e c -  
t i ons  x = cons t ,  which i n d i c a t e s  the  v o r t e x  n a t u r e  of the  m o t i o n .  

F u r t h e r m o r e  one can  note  tha t  the  m a x i m u m  va lue  of Vx i s  c l o s e  to 1.5. Th i s  is  e x p l a i n e d  by the  fac t  
t ha t  the  v a l u e s  m = n = I w e r e  u s e d  in the  c a l c u l a t i o n s .  With  an i n c r e a s e  in the  n u m b e r  of t e r m s  of the  
s e r i e s  the  va lue  of Vx wi l l  a p p r o a c h  1, but  in t h i s  c a s e  the  v o l u m e  of the  c a l c u l a t i o n s  i s  c o n s i d e r a b l y  i n -  
c r e a s e d .  

Us ing  the  r e s u l t s  o b t a i n e d  i t  i s  e a s y  to c o n s t r u c t  f low l i n e s  fo r  whose  f a m i l y  the  equa t ion  i s  ~ = cons t .  

The f low l i n e s  c o r r e s p o n d i n g  to the  v a l u e s  r = - -0 .05  (curve  1), ~b = - -0 .15  (2), r = - -0 .20  (3), and 
= - -0 .25  (4) a r e  shown in F i g .  3. 

In c o n c l u s i o n  we note  tha t  the  t r a n s v e r s e  v e l o c i t y )  a s  i s  s een  f r o m  Eq. (6)) f o r  s m a l l  R e y n o l d s  n u m -  
b e r s  does  not  depend  on the v i s c o s i t y ,  and  in add i t ion  the  s p a t i a l  t r a j e c t o r y  of the  p a r t i c l e s  r e p r e s e n t s  a 
s p i r a l  whose  p i t ch  depends  on the  z c o m p o n e n t  of the  v e l o c i t y .  
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